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The Training Problem

Solving the training problem: min = Z fi(w)

Reference method: Gradient descent

\% (% Zfi(w)) = %vaz'(w)

Gradient Descent Algorithm

Set w! = 0, choose a > 0.
fort=1,2,3,...,T

wH—l_w __Zz 1vfz( )

Output w’! !




Convergence GD |

Theorem

Let f be convex and L-smooth.

") - gty < 20 o (1),

T T
Where
1
wit = wt — =V f(wh)

L
= * 2L 1
= for flw”) f(w2) <eweneed T > — =01 -
w0 — w[] : :



Convergence GD |

Theorem

Let f be convex and L-smooth.

et - gty < 2R o (1),

T T
Where
1
wit = wt — =V f(wh)
L
Is falways
differentiable?
Ty — * 2L 1
= for flw”) f(wz) <eweneedT > — =0 | —
ud — w2 e e



Convergence GD |

Not true for many
Theorem problems

Let f be convex and L-smooth.

fw") = flw*) < 2L[[w” —w*]l3 _ <l>

T T
Where
1
wit = wt — =V f(wh)
L
Is falways
differentiable?
= * 2L 1
= for flw”) f(w2) <eweneed T > — =01 -
[P — w2 e e



Change notation: Keep loss and

regularizer separate

Data fit function

F(w) := % Z€ (hw(xi), yi)

The Training problem

min F(w) + AR(w)

w

If F'or R is not
differentiable

If I'or R is not
smooth

-)
-)

F+R is not
differentiable

(In most cases)
F+R is not
smooth



Non-smooth Example

1
F(w) + R(w) = S |[w][5 + [lwll



Non-smooth Example

1
F(w) + R(w) = S |[w][5 + [lwll

Does not fit.
Not smooth



The problem

Non-smooth Example

F(w) + Rw) = 5wl +(ul)

Does not fit.
Not smooth




The problem

Non-smooth Example

F(w) + Rw) = 5} +(fu])

Does not fit.
Not smooth

Need more
tools

10



Assumptions for this class

The Training problem

min F(w) + AR(w)

w

F(w) is differentiable, L—-smooth and convex

R(w) is convex and “easy to optimize”
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Assumptions for this class

The Training problem

min F(w) + AR(w)

w

F(w) is differentiable, L—-smooth and convex

R(w) is convex and “easy to optimize”

What does
this mean?

12
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Examples
Lasso . 5
min = || Xw — A
min, | yll” + Allwl]y
Low Rank Matrix Recovery Not smooth
C 1 2
min AW = Y[+ AW

SVM with soft margin
n



Convexity without smoothness:
Subgradient

Let f:R" — RU{oo} be convex

Of(w) =19 € R" : f(y) = f(w) + {9,y — w), ¥y € dom(f)}

Q: what is a
condition for w
to minimize {7

Q: what is the
subgradient if {
is differentiable
at w 7

-----
----
----
--
----
---'
-
- -
- -
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Convexity without smoothness: b

Subgradient

Let f:R" — RU{oo} be convex

Of(w) =19 € R" : f(y) = f(w) + {9,y — w), ¥y € dom(f)}




Convexity without smoothness: 0

Subgradient

Let f:R" — RU{oo} be convex

Of(w) =19 € R" : f(y) = f(w) + {9,y — w), ¥y € dom(f)}

If f is differentiable
at w, then

Of(w) = {Vf(w)}




Examples: L1 norm
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Examples: L1 norm
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Examples: L1 norm
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Examples: L1 norm
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Examples: L1 norm
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Examples: L1 norm
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Examples: L1 norm

{-1} if w <0
Olw|=<[-1,1] ifw=0

{1} if w >0

23

w| +(5,y —w)



Optimality conditions

The Training problem
w* = arg min F(w) + AR(w)
weR?
F(w) is differentiable, L—-smooth and convex

R(w) is convex

24



Optimality conditions

The Training problem

w* = arg min F(w) + AR(w)
weR?

F(w) is differentiable, L—-smooth and convex

R(w) is convex

0 € O(F(w")+ AR(w*)) = VF(w*) + \OR(w*)

!

—VF(w*) € A\OR(w™)

25



Working example: Lasso

Lasso

. ]_ 2
min =||Xw — + \lw
weRd2H yHZ H ||1

26
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Working example: Lasso

Lasso

. ]_ 2
min =||Xw — + \llw
weRd2H yHZ H Hl

~VF(w") € OR(w") ‘ ~X T (Xw* —y) € A|Jw*||;

{)\} if w; <0
V1, [XT(Xw—y)]i c <A A ifw;, =0
{—)\} if w; > 0
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Working example: Lasso

Lasso

.1 2
min =[|Xw — + \l|lw
weRdQH yHZ H Hl

~VF(w") € OR(w") ‘ ~X T (Xw" —y) € A||w*||x

{)\} if w; < 0
Vi, [ X' (Xw—y)]. €S [-A\ A ifw; =0
{—)\} if w; > 0

Q: Show that 0 is solution if and only
it A > max |[X Ty
1
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Working example: Lasso

Lasso

~VF(w") € OR(w") ‘ —X T (Xw* —y) € A|Jw*||,

Difficult Solve
inclusion iteratively



Solving the problem by iterative
minimization

30



Proximal method I: iteratively .

minimizes an upper bound
Using L—smoothness of F':

L
F(w) < F(y) +(VF(y),w—y) + Zllw —yl*, Vw,y R

The w that minimizes the upper bound gives ...



Proximal method I: iteratively ”

minimizes an upper bound
Using L—smoothness of F':

L
F(w) < F(y) +(VF(y),w—y) + Zllw —yl*, Vw,y R
The w that minimizes the upper bound gives gradient descent

1
w:y—zVF(y)



Proximal method I: iteratively ”

minimizes an upper bound
Using L—smoothness of F':

L
Flw) < F(y) + (VF(@),w —y) + 5|l — g’ Vw,y € R?
The w that minimizes the upper bound gives gradient descent

1
w:y—zVF(y)

But what about R(w)? Adding on + AR(w) to upper bound:



Proximal method I: iteratively .

minimizes an upper bound
Using L—smoothness of F':

L
Flw) < F(y) + (VF(@),w —y) + 5|l — g’ Vw,y € R?
The w that minimizes the upper bound gives gradient descent

1
w:y—zVF(y)

But what about R(w)? Adding on + AR(w) to upper bound:

F(w) + AR(w) < F(y) + (VF(y).w —y) + ¢ |[w — y|[> + AR(w)




Proximal method I: iteratively »

minimizes an upper bound
Using L—smoothness of F':

L
F(w) < F(y) + (VF(y),w —y) + 5w — gl Vw,y € R?
The w that minimizes the upper bound gives gradient descent

1
wzy—ZVF(y)

But what about R(w)? Adding on + AR(w) to upper bound:

F(w) + AR(w) < Fy) + (VF(y),w —y) + ¢ |[w — y|[> + AR(w)

Can we minimize the
right-hand side?



Proximal method I: iteratively »

minimizes an upper bound
Minimizing the right-hand side of

F(w) + AR(w) < Fy) + (VE(y).w— 1) + = ||w — y|” + AR(w)



Proximal method I: iteratively s

minimizes an upper bound
Minimizing the right-hand side of

F(w) + AR(w) < F(y) + (VE(y).w— ) + = ||w — y|” + AR(w)

1
Factorization ! Let w’ =Y — ZVF(?J)



Proximal method I: iteratively 5

minimizes an upper bound
Minimizing the right-hand side of

F(w) + AR(w) < F(y) + (V). w —y) + 5 lw — gl + AR(w)

1
Factorization ! Let w’ =Y — ZVF(?J)

L L
F(y) + (VF(@),w—y) + < lw—y* = = Jlw — w/|[* + cst

L L
P(y) + (VF(),w —y) + 51w — gl > + AR(w) = <[ — w/|* + AR(w) + cst

Optimality:
1 A
w € arg min §Hw —w'||* + zR(w)



Proximal method I: iteratively »

minimizes an upper bound
Minimizing the right-hand side of
L
F(w) + AR(w) < F(y) + (VF(y), w —y) + Ellw —y|I* + AR(w)

1
Factorization ! Let w’ =Y — ZVF(?J)

L L
F(y) + (VF(@),w—y) + < lw—y* = = Jlw — w/|[* + cst

L L
F) + (V@) w =) + 5 |w — o] + AR(w) = = |[w — w'| + AR(w) + st
Optimality:

L /
w = proxa p(w )



Proximal operator

40



41
Proximal Operator: Inclusion definition

Let f(xz) be a convex function. The proximal operator is

|
prox ¢ (v) := arg min §Hw —ol|3 + f(w)

EXE: Is this Proximal operator well defined? Is it even a function?



Proximal Operator: Inclusion definition

Let f(xz) be a convex function. The proximal operator is

|
prox ¢ (v) := arg min in —ol|3 + f(w)

Let w, = prox,(v). Using optimality conditions

0 €0 (L|wy, —v||5+ f(w)) =w, — v+ If(wy)

EXE: Is this Proximal operator well defined? Is it even a function?
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Proximal Operator: Inclusion definition

Let f(xz) be a convex function. The proximal operator is

|
prox ¢ (v) := arg min §Hw —ol|3 + f(w)

Let w, = prox,(v). Using optimality conditions

0 €0 (L|wy, —v||5+ f(w)) =w, — v+ If(wy)

Rearranging
prox¢(v) = wy, € v — df(wy)

EXE: Is this Proximal operator well defined? Is it even a function?

43



44
Proximal Operator: fixed point

Let f(xz) be a convex function. The proximal operator is

|
prox ¢ (v) := arg min in —ol|3 + f(w)

EXE: Show thaty™ & arg min f(w) if and only if PIOX ¢ (w*) — w*



45
Gradient Descent using proximal map

1
prox ;(y) := argmin ~{jw — y||5 + f(w)

EXE : Let

R(w) — f(y) + <Vf(y)7 W — y> A gradient
Show that step is also a

proximal step



46

Proximal Operator: Properties

2) It f(w) = Ic(w) 3—{

3) If f(w) =
4) If f(w) =

(b,

|
prox ¢ (v) 1= arg min §Hw —ol|3 + f(w)

0 itweC

. where C' closed and convex
oo ifwel

w) +¢

w' Aw + (b,w) where A>0, A=A", A>0
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Proximal Operator: Properties

1
prox ¢(v) := argmuijn §Hw —ol|3 + f(w)
Exe:
1) If f(w Z fi(w;) then prox (v) = (prox;, (v1),...,prox;, (vy))
1=1
if C
2) If f(w) =Ic(w) := 0 1 wE where C' closed and convex
oo ifwedl
then prox,(v) = projs(v)

3) If f(w) = (b,
4) If f(w) = 3w ' Aw + (b,w) where A = 0, A= A", X\ >0 then
prox ¢ (v) = (I + AA) (v —b)

w) + ¢ then prox,(v) =v —b
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Proximal Operator: Soft thresholding

1
PIOX |||, (V) := argmin o jw — v||5 + Allwlls

Exe: |
1) Let a € R. If ™ = argmin 5(04 —v)? 4+ A|a| then

a* € v — A\0|a”| (1)

2) If A < v show (1) gives a* =v — A s Sa(@)

3) If v < —A show (I) gives a* = v + A '

4) Show that !
(=X ifA<uv 5

Prox, |, (v) = 0 it —A<ov<A A
v+ A <A
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Proximal Operator: Soft thresholding

|
PIOXy |, (v) = argmin o [fw — vl|3 + Alfwlly
Exe: |
1) Let a € R. If ™ = argmin 5(04 —v)? 4+ A|a| then

a* € v — A\0|a”| (1)

2) If A < v show ([) gives a* = v — A L Sx()
3) If v < —A show (I) gives a* = v + A '
4) Show that !

Induces sparsity
p
/U - )\ 1L /\ U —\

Prox, |, (v) = 0 it —A<ov<A A
v+ A <A




0 -

prozx,.(y) = arg min, %{y — )% + Az

— 10,0 — z)% + Az

|

g

I
ot
-
P’
—
I3

proxy | ul
y =00

50



. 51
Proximal Operator:

Singular value thresholding

1
STx(v) := arg min = ||w —v||z + Allw]];

Similarly, the prox operator of the nuclear norm for matrices:

1
TA(Z)V ' = in —||W — A7 + MWl
USTA(R)V " :=arg min  S[|[W — Allz+A[W]|

where A = ULV ' is a SVD decomposition,
and |[|[W |, = trace(VW TW) = Z o;(W) is the nuclear norm

EXE: This is a HARD exercise ! Use lemma:;:
For W, W' orthogonal, D, D’ diagonal with >0 entries,(WDW’, D’) < (D, D’)



D2

Proximal Operator: Non-expansiveness
f(w) = Ic(w) lproje(v) — projo(u)llz < flu —vll2

Proximal Operators are nonexpansive

[Iprox(u) — prox;(v)lla < [[u —wvll2



Proximal Operator: Non-expansiveness

flw) = Ic(w) Iprojc(v) — projo(u)llz < [lu—wl|2
Ug,
.
This will be used Ve
to show that ~ TTeso . ()
proximal steps . T o
do not hurt the prox ;(v) = projs(v)

convergence of
gradient descent

—

I

Proximal Operators are nonexpansive

[Iprox;(v) — prox;(u)|l2 < [lu —vlls

53



54
Proximal Operator: Non-expansiveness

Proximal Operators are nonexpansive

[Iprox;(v) — prox;(u)|l2 < [lu =]l

Proof: Let p, = prox;(v) and p, = prox,(u)

Using subgradient characterization



59
Proximal Operator: Non-expansiveness

Proximal Operators are nonexpansive

[Iprox;(v) — prox;(u)|l2 < [lu =]l

Proof: Let p, = prox;(v) and p, = prox;(u)

Using subgradient characterization

proxf(v) =py €v—0f(py) = v—py €9f(pv)



Proximal Operator: Non-expansiveness

Proximal Operators are nonexpansive

[Iprox;(v) — prox;(u)|l2 < [lu =]l

Proof: Let p, = prox;(v) and p, = prox;(u)
Using subgradient characterization

proxs(v) = py € v = 9f(Pv) = v —py € 9f(pv)
proxf(u) =pu €U—0f(pu) = u—py € 0f(pu)
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Proximal Operator: Non-expansiveness

Proximal Operators are nonexpansive

[Iprox;(v) — prox;(u)|l2 < [lu =]l

Proof: Let p, = prox;(v) and p, = prox;(u)
Using subgradient characterization
prox;(v) =py, € v —90f(py) = v—py € 0f(pv)

proxs(u) =py, € u —9f(pu) = u—py € 0f(pu)
Using convexity and subgradient

57



Proximal Operator: Non-expansiveness

Proximal Operators are nonexpansive

[Iprox;(v) — prox;(u)|l2 < [lu =]l

Proof: Let p, = prox;(v) and p, = prox;(u)

Using subgradient characterization

proxs(v) = py € v = 9f(Pv) = v —py € 9f(pv)
proxf(u) =pu €U—0f(pu) = u—py € 0f(pu)
Using convexity and subgradient

f(ou) 2 f(po) + (V= Py Du — Do)
€ 0f(py)

58



Proximal Operator: Non-expansiveness

Proximal Operators are nonexpansive

|prox;(v) — prox;(u)|l2 < [lu —wvlls

Proof: Let p, = prox;(v) and p, = prox;(u)
Using subgradient characterization
prox;(v) =py, € v —90f(py) = v—py € 0f(pv)

proxs(u) =py, € u —9f(pu) = u—py € 0f(pu)
Using convexity and subgradient

f(pu) > f(py) + (v — Dy, Pu — D)

€ 0f(py)
f(pv) > f(pu) + (U — Pu, Pv — Du)

59



60
Proximal Operator: Non-expansiveness

Proximal Operators are nonexpansive

|prox;(v) — prox;(u)|l2 < [lu —wvlls

Proof: Let p, = prox;(v) and p, = prox;(u)
Using subgradient characterization
prox;(v) =py, € v —90f(py) = v—py € 0f(pv)

proxs(u) =py, € u —9f(pu) = u—py € 0f(pu)
Using convexity and subgradient

f(ou) = f(pv) + (v — Dys Pu — Do) 0= o=u= o =pu)pu=po)

H_/
cdf(p,) T+

f(Pv) > f(Pu) + (U — Du, Pv — Du)
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Proximal Operator: Non-expansiveness

Proximal Operators are nonexpansive

|prox;(v) — prox;(u)|l2 < [lu —wvlls

Proof: Let p, = prox;(v) and p, = prox;(u)
Using subgradient characterization
prox;(v) =py, € v —90f(py) = v—py € 0f(pv)

proxs(u) =py, € u —9f(pu) = u—py € 0f(pu)
Using convexity and subgradient

0<(v—u— (P —Pu),Pu— Do)
f(pu) Zf(pv)+<‘v_pvapu_py' 1}

€ df(pv) + Hpu _pv||2 < <U — U, Py _pv>
f(pv) = f(Pu) + (U = Pus Pv — Pu) < |lv = ull||pu — pol|
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Proximal Operator: Non-expansiveness

Proximal Operators are nonexpansive

|prox;(v) — prox;(u)|l2 < [lu —wvlls

Proof: Let p, = prox,;(v) and p, = prox,(u)
Using subgradient characterization
prox;(v) =py, € v —90f(py) = v—py € 0f(pv)

proxs(u) =py, € u —9f(pu) = u—py € 0f(pu)
Using convexity and subgradient

0<(v—u— (P —Pu),Pu— Do)
f(pu) Zf(pv)+<‘v_pvapu_py' 1}

€ df(pv) + Hpu _pv||2 < <U — U, Py _pv>
f(pv) = f(Pu) + (U = Pus Pv — Pu) < |lv = ull||pu — pol|

Now divide both sides by ||py — po|| u




Proximal method : iteratively minimizes **
an upper bound

Set y = w' and minimize the right-hand side in w

F(w) + AR(w) < Fy) + (VF(y),w —y) + ¢ |[w — y|[> + AR(w)

L
arg min F(w') + (VF(w"), w — w") + EHw —w']? + AR(w)

1
—: prOX%R(wt — ZVF(wt)))

This suggests an
iterative method

1
wttl = prox%R(wt - EVF(wt)))



Proximal method: A fixed point
viewpoint

The Training problem
w* € argmin F(w) + AR(w)
w

—VF(w*) € \OR(w™)

64



Proximal method: A fixed point o

viewpoint

The Training problem
w* € argmin F(w) + AR(w)
w

—VF(w*) € A\OR(w™) “ w* +yVF(w*) € w* — (Ay)OR(w")



Proximal method: A fixed point 00

viewpoint

The Training problem
w* € argmin F(w) + AR(w)
w

—VF(w") € \OR(w™) w* +yVF(w*) € w* — (A\y)0R(w™)

w” € (W' =7 VE(Ww")) = (A)0R(w”)

=
=




Proximal method: A fixed point o7

viewpoint

The Training problem
w* € argmin F(w) + AR(w)
w

—VF(w") € \OR(w™) w* +yVF(w*) € w* — (A\y)0R(w™)

w” € (W' =7 VE(Ww")) = (A)0R(w”)

*

w” = proxy, g (w* —yVF(w"))

prox,(v) = w, € v — 9 f(w,)




Proximal method: A fixed point os

viewpoint

The Training problem

w* € argmin F(w) + AR(w)

-
=
-
=
=

—VF(w") € \OR(w™) w* +yVF(w*) € w* — (A\y)0R(w™)

w” € (W' =7 VE(Ww")) = (A)0R(w”)

prox,(v) = w, € v — 9 f(w,)

w” = proxy, g (w* —yVF(w"))

k+

wh T = ProX,, g (w* — YV F(w"))

Optimal is a fixed point

1
w!Tt = prox%R(wt — EVF(wt)))

Upper bound viewpoint



The Proximal Gradient Method

Solving the training problem: min F'(w) + AR(w)

w

F(w) is differentiable, L—smooth and convex

R(w) is convex and proxg is available

Proximal Gradient Descent

Set w! = 0.
tfort=1,2,3,...,T

wt = prox,z,p, (W' — +VF(w'))
Output w! !




Example of prox gradient: Iterative Soft "
Thresholding Algorithm (ISTA)

Lasso
min 5 || Xw — y|[5 + Aljw|];
weR?
t+1 t 1 T i
ISTA: w — PIOX \jj.jj, /L | W _ZX (Xw" —y)
1

o t T t

B — s (v~ ;o ')

Amir Beck and Marc Teboulle (2009), SIAM J. IMAGING SCIENCES,

D
! A Fast Iterative Shrinkage-Thresholding Algorithm
Adobe for Linear Inverse Problems.




Example of prox gradient: Iterative Soft ™
Thresholding Algorithm (ISTA)

Lasso
. 1 2
min =||Xw — + A|wl|1
min | Xw — |3 + Al
t+1 t 1 T i
ISTA: w — PIOX \jj.jj, /L | W _ZX (Xw" —y)
1
o t T t
B 1 (v - ;o )

Soft-thresholding: induces Sparsity
ﬂ Amir Beck ana marc 1epouile (2UUY), SIAIM J. IIMAGING SCIENCES,
Adob

A Fast Iterative Shrinkage-Thresholding Algorithm
for Linear Inverse Problems.




Convergence of Prox-GD for convex

Theorem
Let f(w) = F(w) + AR(w) where

F(w) is differentiable, L-smooth and p—strongly convex

R(w) is convex

where

1
witt = PIOX \p/r, (wt — EVF(wt))

72

Amir Beck and Marc Teboulle (2009), SIAM J. IMAGING SCIENCES,

-ﬁg A Fast Iterative Shrinkage-Thresholding Algorithm
Bdots for Linear Inverse Problems.




Proof sketch

lwt —w*ly = |proxa g(w’ = $VF(w"))) — w*||>



PI’OOf SketCh Fixe(g point viewpoint m
w* = proxy, g (w* —yVL(w"))

”,wt—|—1 — w* —
2 Iprox s p(w® — 7 VF(w'))) — w*|2

= |lproxa p(w® — + tY)) — 5
A p( L VE(w"))) = proxap (w* — £ VE(w*)) ||:
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Fixed point viewpoint
Proof sketch o S oo e (T L ()

lwt —w*llz = [proxap(w’ — VF(w'))) — w*|

— \prox%R(wt — +VF(uw'))) — Proxa p (w* — FVF(w*)) ||:

< ' = £VF@w")) — (w* — £ VF(w)) ||2

= |w' —w* — £ (VF(w') = VF(w")) |2

Non-expansive
[Iprox ¢ (v) — proxg(u)llz < [|lu—v||2
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Fixed point viewpoint
Proof sketch o S oo e (T L ()

lwt —w*llz = [proxap(w’ — V(")) —w*|

— \prOX%R(wt — 2VF(w'))) — Proxa g (w* — FVF(w*)) ||:

< ' = zVE@W')) — (w* — £VEF(w)) ||2

= [w' —w* = £ (VF(w') = VF(w")) |2

Non-expansive

Th .
e rest similar to |[prox ;(v) — prox,(u)|lz2 < [Ju— ]2

standard proof of conv.
Of standard GD

without prox term



Convergence of Prox-GD

Theorem (Beck Teboulle 2009)
Let f(w) = F(w) + AR(w) where

F(w) is differentiable, L-smooth and convex

R(w) is convex and prox friendly

o Lwt w3 (1]
flw") = f(w*) < 5T _O<T)'

1
witt = PIOX \p/r, (wt — EVF(wt)>

7

Amir Beck and Marc Teboulle (2009), SIAM J. IMAGING SCIENCES,

.i; A Fast Iterative Shrinkage-Thresholding Algorithm
LoC for Linear Inverse Problems.




The FISTA Method

Solving the training problem: min F(w) + AR(w)

w

The FISTA Algorithm
Set w! =0=28'=1
fort=1,2,3,...,T

t+1

w :pI'OX)\R/L (Zt—

g+l — 1+ /1+4(8%)2

2
B -1
Bt—l—l

t+1

t—l—lzw |

2z (w

T+1

Output w

%VF(zt)>

t+1 wt)

Weird, but it works
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Convergence of FISTA

Theorem (Beck Teboulle 2009)
Let f(w) = F(w) + AR(w) where

F(w) is differentiable, L-smooth and convex

R(w) is convex and prox friendly

Then

Flw™) — flwt) < 2HIv Z el g ( | ) |

(T +1)2 T2

Where w' are given by the FISTA algorithm
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Amir Beck and Marc Teboulle (2009), SIAM J. IMAGING SCIENCES,

! A Fast Iterative Shrinkage-Thresholding Algorithm
Adobe for Linear Inverse Problems.




More on the Lasso

80



81
L1 versus L2 regularization

Ridge regression

A
. 1 2
min 5|lXw —ylf; + fjwll

Lasso

.1 2
min =/ Xw — + Alw
weRd2H y”2 H Hl



L1 versus L2 regularization

Diabetes dataset
10 features (age, sex, bmi, cholesterol, ...), 442

samples. Predict disease progression.
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L1 versus L2 regularization

Diabetes dataset
10 features (age, sex, bmi, cholesterol, ...), 442

samples. Predict disease progression.

Path :
For both methods, plot the predicted coefficients

as regularization changes
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L1 versus L2 regularization

Ridge Path

600 - Hﬁhﬁ“‘%xx

400 ~_
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L1 versus L2 regularization

Coefficients

Coefficients

\

600
400 ~

200 ~

o
1

| | !
o B R
o o o
o o o

750 7

500 ~

250 7

=250 7

=500 7

=750 7

Ridge Path

L LU | LRLELER | L S BT | LRI RELRILET | L L R | UL ELALY | LSRR | i
104 10-3 102 101 100 101 102 103

LAS50 Path

T T T T
0.0 0.2 0.4 0.6 0.8 1.0
lambda / lambda_max
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L1 versus L2 regularization

LASSO Path B.M.I
50
) \_E
250 1
g \"h.. -~
= 0 —
g e
L e
8 —-250
=500
=750
0.0 0.2 0.4 0.6 0.8 1.0

lambda / lambda_max
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L1 versus L2 regularizatigs

Triglicerides

LASS0 Faun

750 7

500 T

250 A

Coefficients

I I I
] Ln P
5 B = R ¥
e O o

] 1 i

I I
0.0 0.2 0.4 0.6 0.8 1.0
lambda / lambda_max
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L1 versus L2 regularization

LASS0 Path

750 7

500 T

250 A

Coefficients

I I I
] Ln P
LN = Ln
e O o

] 1 i

I I
0.0 0.2 0.4 0.6 0.8 1.0
lambda / lambda_max

Lasso performs regularization AND feature selection !



Optimization of the Lasso



aTa

Optimization of the Lasso,»  Not strongly convex when

n<p!

0 1 2
min = Xw — A\
min L1 Xw =yl + Nl

Expe: take n = 10, p = 20, random X and y, A = 0.1\ 1ax
Run ISTA and monitor Hwt —w” H2

We observe:



N1

Not strongly convex when

n<p!

Optimization of the Lasso

.1 2
min = Xw — + \llw
weRd2|| y||2 || ||1

Expe: take n = 10, p = 20, random X and y, A = 0.1\ 1ax

Run ISTA and monitor Hwt —w” H2

10° 3
We observe: oot ]
102 -

1073 4

dists

1074 4

107> 4

T T
400 500

1075 4
T T T T
0 100 200 300
iterations



N

Not strongly convex when

n<p!

Optimization of the Lasso

.1 2
min = Xw — + \llw
weRd2|| y||2 || ||1

Expe: take n = 10, p = 20, random X and v. A\ = (0.1 \.av

: t * |2
Run ISTA and monitor Hw — W H Slow in the beginning....

10° 3
We observe: oot ]
102 -

1073 4

dists

1074 4

107> 4

T
500

1075 4

T T T T T
0 100 200 300 400
iterations



Not strongly convex when

Optimization of the Lasso Not st

. 1 2
min s Xw_ —|_)\ w
ERd2|| y||2 || ||1

Expe: take n = 10, p = 20, random X and v. A\ = (0.1 \.av

* || 2
H Slow in the beginning....

Run ISTA and monitor Hwt — W

100
We observe: o
10~2

103

dists

But then, linear convergence!
1076 1
(I] l[I]'D EI[I}D 3[;[]' 4[;[]' 5[;[]'
iterations




94
Sparsity accelerates convergence!

Support identification : There exists T such that for all t > T :
supp (wt) — {Z‘ ’wf 75 O} is constant and of cardinal < n .



95
Sparsity accelerates convergence!

Support identification : There exists T such that for all t > T :
Supp(wt) = {’L‘ ’wf 75 0} is constant and of cardinal < n .

For t > T, the problem min 4 |Xw—y|\2+)\\|w\|1

Becomes equivalent to

1 vS.~ 2 ~
min 11X — gl + Al

With s the size of the support and X S the features of X restricted
to the support
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Support identification : There exists T such that for all t > T :
Supp(wt) = {’L‘ wf 75 O} is constant and of cardinal < n .

For t > T, the problem min %HXUJ — yHg -+ )\Hle
weRA

Becomes equivalent to

1S~ 2 -
min || X w — + Al|w||1
min 31X — y|3 + ]
With s the size of the support and X S the features of X restricted
to the support

Now, strongly convex ! Fast
convergence when support is identified
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