Multivariate calculus reminders



Multivariate functions

Welet f:RP — R.

Gradient: Vf(x) € R, [Vf(a?)]@ — 883{ (ZC)

% If it exists, tis
differentiable

5 f

Hessian : V2 (z) € RP?, [V2f(2)]i; = - —(a)
i ULy




Taylor expansion
Welet f:RP R, z, ¢ € RP

fa+e) = f(@) + (VF().€) + 5 (e, V2F(@)e) + ol [e]])

f locally looks like a quadratic function



Taylor expansion

Question: let A € R™ P and define
1 2
fl@) = 5 | Az

What are the gradient / Hessian ?



Convexity, zero-th order definition

Welet f:RP — R. fis convex if

fAz+ (1 =Ny) <Af(z)+ 1 -A)f(y), Ve,yeRP,Ael0,1]




Convexity, first order definition

Welet f:RP — R. fis convex if

fy) 2 f(x) +(Vf(z),y —x), Vr,ycR?

flx) + (Vf(z),y —x)




Convexity, second order definition

Welet f:RP — R. fis convex if

VZf(z) =0, VxecRP




(Questions

Show that the following functions are convex:

p
|z)? =) a3
1—=1

p

Jzlli =) il

1=1

F(x)= f({x,y)), for y e RP and f:R — R convex



Smoothness

fis L-smooth = Vf is L-Lipschitz ' f must be differentiable

IVi(z) =Vl < Lilz—yl, Vz,y
Equivalent formulations:

f(0) < f(&) + (Vi@)y— o) + 5o —yl?, Voy e RP

Vif(z) =< L-I,, VzcRP

1! If V? f is continuous, f is L-smooth
on all compact sets



Strong convexity

fis /J, - Strongly convex if: < 0 so stronger than convexity !

|

@+ (1= Ny) < M(@) + (1= N f(y) = AL =N 5l -y
Equivalent formulations:
fy) 2 f@)+ (Vi(@),y —a) + Sl =y, Yo,y R

Vif(x) = pu-I, VzecRP
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