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Machine learning task

Finite Sum Training Problem

Today: assume that f is differentiable and L-smooth

! V[ exists



Ilterative minimization

Finite Sum Training Problem

min 5y fi(w) =: f(w)

Usually cannot solve this in closed form : w™ = ...

0

Idea: start from initial guess w" and try to find a new,

better point. Iterative process ¥ — wl — ...



Gradient descent : basic idea

Given ’wo, look for wlas w! = w + d where d is a

small displacement.

Ideally: d € arg min f(wo + d) Just as hard as the
deRp original problem :(

Solution: d € arg min f(w" + d)
ldl|<e

Q: as € goes to 0, what is the limit of d 7



Gradient descent algorithm

Init : Select initial guess ’LUO, p >0
For t =0, 1, .., T:
- Update witt = wt — pr(wt)

Return : ’wT_H

Questions :
- Does it converge?” In which sense?
- At which speed?
- Choice of p 7



Optimization is hard (in general)
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Optimization is hard (in general)

Need
. assumptions!
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F@,y) = ~(y +47)sin /|2 + (y + 47)] — @sin\/|Z — (y +47)]



Gradient Descent Example
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Convexity

We say f :dom(f) C RP — R is convex if dom( f) is convex and

fOOw+ (1 =A)y) <Af(w)+ A =A)f(y), Yw,yeCAel0,1]

Global minimizer =
! Stationary point =
W Local minimizer Yy



Convexity

A differentiable function f : dom(f) C RP — R is convex iff

flw) = fly) +{Vf(y),w—y)

-----
-
-
-
----
-----
----
- -



Convexity

A twice differentiable function f : dom(f) C R? — R is convex iff

Vif(w) =0 < o' Vif(w)v>0, Yw,veRP




Main Advantage of Convexity
Nice Property

If Vi(w*)=0 then f(w*)< f(w), VYweR?



Main Advantage of Convexity
Nice Property

If Vi(w*)=0 then f(w*)< f(w), VYweR?

All stationary points are
global minima

Lemma: Convexity => Nice property

If f(w)> f(y) +(Vf(y),w—y), YwyeR
then Nice Property holds

proor: Choose y = w”



Data science methods most used
(Kaggle 2017 survey)

Convex
Optimization
problems

Data Visualization

Logistic Regression
Cross-Validation

Decision Trees

Random Farests

Time Series Analysis

Meural Netwarks

FCAand Dimensionality Reduction
kMM and Other Clustering
Text Analytics

Ensemble Methods
Segmentation

SVMs

Matural Language Processing
AfB Testing

Bayesian Techniques

Maive Bayes

Gradient Boosted Machines
CHMs

Simulation

Recommender Systems
Aszociation Rules

RMMs

Frescriptive Maodeling

T I Y o T T oo i Ty pe—

15%
14%
14%



Convexity: Examples

Extended-value extension: f:RP - RU{oo}
f(z) =00, Va ¢&dom(f)

Norms and squared norms: x — ||z

z = [z

Negative log and logistic: z +— —log(x)
x — log (1 + e_y<a’x>)
Hinge loss xr — max{0,1 — yx}

Negatives log determinant, exponentiation ... etc



Smoothness
We say f: R"™ — RU{oo} is L-smooth if

|IVi(z) =Vl < Lz —yll, Vo,ycRP



Smoothness

We say f:RP - RU {00} is smooth if

|IVi(x) =Viyll < Lilz —yll, Yo,y e R
If a twice differentiable f : RP — R U {oo} is L—smooth then
1) d'V2f(x)d < L- ||d||35, Vz,d€RP

D) J@) < T+ (VI )+ e~ ylP. ey e R



Smoothness

We say f: R" — RU{oo} is smooth if

|IVf(z) =Vl < Lllz —yll, Ve,yeR"
If a twice differentiable f : R" — R U {0} is L-smooth then
1) d'V2f(x)d < L- ||d||3, Vz,deR"

D) J@) < T+ (VW) - )+l —ylP. ey e BT

EXE: determine the smoothness constants of

f(w) := %||Xw —b||3 for X €e R"*P, e R"



Important consequences of Smoothness

If f:R" — RU{oco} is L-smooth then

f() < f) + (VW) o —v) + e —olP. VayeR"

f(z)




Smoothness: Examples

Convex quadratics: r—ax Ar+b z+e

Logistic: T — log (1 + €—y<a,a¢>)

Trigonometric: x — cos(x), sin(x)



Smoothness: Convex counter-example

flw) = llwlli =) |wil
1=1

We’ll see how to handle
this problem next class



Smoothness: Convex counter-example

flw) = llwlli =) |wil
1=1

We’ll see how to handle

this problem next class Does not fit
Not smooth



Insight into Gradient Descent using
Smoothness

Flw) < Fu®) + (VF (), w — ) + 2w — ]




Insight into Gradient Descent using
Smoothness

Flw) < )+ (V@) w =) + 5w — w2

Minimizing the upper bound in w we get:

T () + (T 1) = 0} + Gl = oI ) = 50 + Lw - 0

A gradient
descent step !

1
w=w’ — ZVf(wo)



Insight into Gradient Descent using
Smoothness

L )
Fw) < F@0) + (V ("), w = w®) + 2 flw — u|

N

Minimizing the upper bound in w we get:

L
T () + (T 1) = 0} + Gl = oI ) = 50 + Lw - 0
Smoothness Lemma (EXE): A .
If fis L-smooth, show that d gradient |
. 1 ) escent step !
fly=zVIW) = fy) < =57 IV, vy

1
Fw) = f(w) < —= Vi), vwerr @ =W = g V(@)

where f(w*) < f(w), Yw € R"



Gradient descent as a majorization-

minimization procedure

F(awo) + (V£ (o), w — wp) + 5 [l — ol

Majorize



Gradient descent as a majorization-

minimization procedure

F(awo) + (V£ (o), w — wp) + 5 [l — ol

Minimize



Gradient descent as a majorization-
minimization procedure
Flawn) + (V£ (wn),w — wr) + 2w — wn

fw

Majorize



Gradient descent as a majorization-
minimization procedure

Flawn) + (V£ (wn),w — wr) + 2w — wn

Wo Minimize



Gradient descent as a majorization-
minimization procedure

Flawn) + (V£ (wn),w — wr) + 2w — wn

ws ... Etc...



Convergence analysis



A note on convergence

Theorem: Let f convex and L-smooth. Then, the iterates wof
gradient descent with step p € |0, 2 / L| verify

lim w' = w* with w* € argmin f

t—+o0



A note on convergence

Theorem: Let f convex and L-smooth. Then, the iterates wof
gradient descent with step p € |0, 2 / L| verify

lim w' = w* with w* € argmin f
t—+o0

No convergence rate, *i.e.
a bound on ||w" — w™||



A note on convergence

Theorem: Letf convex and L-smooth. Then, the iterates wof
gradient descent with step p € [0, 2/L][ verify

lim w?

= w” with w™ € argmin f
t—-+o0

No convergence rate, *i.e.
a bound on ||w" — w™||

Proof: Uses difficult Cauchy sequences
arguments (show that any subsequence of w' go
to w™)



Convergence rates: smooth case

Wetve (1 = VF(w) = f(w) < == |V F(w)

Gradient descent with step p =

1 5
L
Fh) — ft) <~ V@)

ZHW )I2 < 2L(f(w®) — f(w*)), VT >0

Q: what does it mean?



Convergence rates: smooth case

Theorem : if f is L-smooth, the iterates of gradient descent verify

Vf(w'") =0

2L
2
inf V7)) < 5

— (f(w") = f(w"))

\

Convergence speed
Slow convergence

Say2L(f(u®) - fw) =1
In order to have 12% HV ( )H < 10
Need 104 iterations...



Convergence rates: smooth + convex
case

Fundamental lemma:

lw

* * 1
| = w24 V@) - V), ut - w)
If f convex:

fw') — f* <(Vf(w'),w" —w")

Together:

Fawt) = £ < St — 0P~ u* —wt|P) + | F W)



Convergence rates: smooth + convex
case

If f is convex and L-smooth :

L
Flwt) = £7 < o llu® = w

Proof:



Convergence rates: smooth + convex
case

If f is convex and L-smooth :

L
Flwt) = £7 < o llu® = w

1
Proof:  [-smoothness gives f(w'!) — f(w®) < —ﬁHVf(wt)Hz

Convexity gives

Flty = £ < St w2 = =)+ 9 ()]



Convergence rates: smooth + convex
case

If f is convex and L-smooth :

L
Flwt) = £7 < o llu® = w

1
Proof:  [-smoothness gives f(w'!) — f(w®) < —ﬁHVf(wt)Hz

Convexity gives

fh)— £ <%

* * 1
(lw" = w*[* = ™ = w|*) + = [V f (")

Rest on the board



Faster convergence rates: strongly
convex functions



Strong convexity
We say f:RP — RU{oo} is p—strongly convex if

fw) = fy) + (Vf@)w =)+ Sllw —yl%, Y,y eR?

4.5F

3 ' Hinge loss + L2

1
max{0, 1 — w} + ||wl]3

2.5}

1.5}

0.5
Quadratic lower bound




Strong convexity: equivalent definitions

fw) 2 fy) + (Vf@)w—y) + Sllw —yl?. Yo,y eR?

If  is twice differentiable :

Vf(x) = pld

Equivalently: “The eigenvalues of sz(a:) are all bounded
below by 1"

EXE: determine the strong convexity constant of

f(w) := %||Xw —b||3 for X €e R"*P, e R"



Convergence GD strongly convex

Theorem

Let f be u-strongly convex and L-smooth.

t * |2 M t 0 * | |2
ot — w3 < (1-5) [’ — w3
Where
1
th:wt—ZVf(wt), fort=1,...

— L 1
= for lw” —wr||3 <eweneed T > —1log| — | =0 | log
[|w® — w3 7 €

A



Convergence GD strongly convex

Theorem

Let f be u-strongly convex and L-smooth.

Where



Convergence GD strongly convex

Theorem

Let fbe u-strongly convex and L-smoothe Conditioning £ = T

f') = fw") < (1= 2) (f(”) = fw"))

Where
1
w Tt = wt — ZVf(wt), fort=1,...,T



Gradient Descent Example: logistic
regression

Convergence plot
107 — gd

1071 4

1072 o

ll]—3 -

107 3

ll}—:l -

Distance to the minimum

107% ;

1077 3

0 10000 20000 30000 40000 50000 60000 70000

‘ [t — w*||2 u
1 < t] (1——)
Og(uwl—w*na =TT

y—axis = 5




Proof Convergence GD strongly
convex + smooth fmoothness

Proof: I
f™h) < fwh) + (Vf(wh),w™™ —w') + §I|’wt+1 —w'|]?

= f(w!) ~ 5= IV F@)]?



Proof Convergence GD strongly

convex + smooth B
Proof: I /
Flwt™h) < ft) + (VFh), w =) + 2wt = ]

= (') — 5= IV ()

Q: show that strong
convexity => PL

IVf()I? = 2p(f (w) = f(w")), Vw

Polyak-Lojasiewicz (PL) inequality :



Proof Convergence GD strongly
convex + smooth jmoothness

Proof: I
Fw'™) < f(wh) + (Vf(w'), w™ —w’) + §||’wt+1 —w'|)?

= (') — 5= IV ()

Polyak-Lojasiewicz (PL) inequality :

IVf()I” = 2p(f (w) = f(w")), Y

') < flw') = Z(f(h) — fw"))
: 1
fw') = fw) < (1= 2 (f () = fw"))



Nesterov acceleration



Smooth + convex case: can we do
better ?

If f is convex and L-smooth :

L
Flwt) = £7 < o llu® = w

Convergence in 1/T



Smooth + convex case: can we do
better ?

If f is convex and L-smooth :

L
Flwt) = £7 < o llu® = w

Convergence in 1/T

Nesterov acceleration : another first order algorithm with

faster convergence: convergence in 1 / T2



Smooth + convex case: can we do
better ?

If f is convex and L-smooth :

L
flw') — f* < ﬁHwO — w*||?

Convergence in 1/T

Nesterov acceleration : another first order algorithm with

faster convergence: convergence in 1 / T2

Optimal complexity! No first order algorithm can
have a convergence faster than 1 / T2



Nesterov acceleration: principle

Idea: extrapolation

Init : Select initial guess w", yo and o’ =1
For t =0, 1, .., T:

- Update yt_H — wt — %Vf(wt)
L 1+ 1+ 4at
2
- Extrapolate ’
t+1 t+1,04—1 t+1 ¢
w — Y ' at_|_1 (y — Y )

Return : {11



Nesterov acceleration: principle

Idea: extrapolation

Init : Select initial guess ’UJO, yo and o’ =1
For t =0, 1, .., T:

1

- Update yt‘H — wt — sz(wt)

i1 1+V1+4ad
« = Go a bit “further”

2 % than yt—|—1

- Extrapolate t_q

t+1 _ t+1 | & T t+1 ¢
w — Y | at_|_1 (y — Y )

Return : {11



Nesterov acceleration: convergence
result

Theorem : if f is convex and L-smooth, the iterates of Nesterov

acceleration verify

[ P

flw’) — f* < D) O(t_z)




Examples of smooth machine
learning problems



Least squares

Data: £1,...%, € RP, and y1,...,y, € R

Assumption: There exists w™ such that

Yi = <xi7w*>

Optimization problem: min f(fw) — Z(<$Z’ ,w> . yi)2

w

1
Q: show that we can rewrite f(’bU) — EHX/LU — yH2

Is the problem convex, smooth? Compute the associated constants



Ridge regression

n
Problem : 1
. L 2
min f(w) = — E ({x;, w) — y;)
w n <
1=1
Has infinitely many solutions when n < p. Bad conditioning, and very

sensitive to X.

Solution : regularize ! 1 n \
min f(w) = - 37 (@, w) —5)* + 5 ]
1=1

Q: Is the problem convex, smooth? Compute the associated constants



Logistic regression
Data: Z1,...T, € R”, and yi,...,y, € {—1,+1}
Assumption: There exists W~ such that
y; ~ sign({x;, w*))
Optimization problem:

min f(w) = % Z log(1 + exp(—yi(w;, w)))

W
1=1

Q: Is the problem convex, smooth? Compute the associated constants



Regularized logistic regression
Data: Z1,...T, € R”, and yi,...,y, € {—1,+1}
Assumption: There exists W™ such that
yi 2 sign({z;,w"))

Optimization problem: "

A
min f(1) = = 3 log(1 + exp(—yi{ai, w))) + 5 ]

1—=1

Q: Is the problem convex, smooth? Compute the associated constants
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